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1 Introduction
The floating thin plate is amongst the best studied problems in hydroelasticity. The time-harmonic linear wave

response of a floating thin plate can be determined straightforwardly by a number of different methods.. Since the
problem is linear, the time-dependent response of the thin plate can in theory be written as an expansion in these time-
harmonic solutions. However, the theory for this expansion has only been developed for a maseless-thin plate on shallow
water [1]. Here the theory is further developed to water of arbitrary depth.

2 Formulation: A Thin Maseless Plate on Shallow Water
The plate is infinite in the y direction, so that only the x and z directions are considered. The x direction is horizontal,

the positive z axis points vertically up, and the plate covers the region −b 6 x 6 b. The water is of uniform depth h.
The amplitudes are assumed small enough that the linear theory is appropriate, and the plate is sufficiently thin that the
shallow draft approximation may be made. Furthermore the plate is assumed maseless. This means that we only consider
the stiffness of the plate not its inertia in calculating the equations of motion.
The mathematical description of the problem follows from [2]. The kinematic condition is

∂tζ = ∂nGφ, ([2.1])
where φ is the velocity potential of the water at the water surface and ζ is the displacement of the water surface or the
plate (from the shallow draft approximation). G is the harmonic lifting which solves the boundary value problem

∆ψ = 0

ψ = φ, z = 0

∂nψ = 0, z = −h
and ∂n is the outward normal derivative. The equation derived by equating the pressure at the free surface is

−ρgζ − ρ∂tφ =

½
0, x /∈ (−b, b),

D∂4xζ, x ∈ (−b, b), ([2.2])

where D is the bending rigidity of the plate per unit length, ρ is the density of water and g is the acceleration due to
gravity. At the ends of the plate the free edge boundary conditions

lim
x↓−b

∂2xζ = lim
x↑b

∂2xζ = lim
x↓−b

∂3xζ = lim
x↑b

∂3xζ = 0 ([2.3])

are applied.
Non-dimensional variables are now introduced. The space variables are non-dimensionalised using the water depth

h, and the time variables are non-dimensionalised using
p
h/g. The non-dimensional variables are

x̄ =
x

h
, t̄ = t

r
g

h
, ζ̄ =

ζ

h
, and φ̄ =

φ

h2
p
g/h

.

In these new variables, ([2.1]) and ([2.2]) become
∂t̄ζ̄ = ∂nGφ̄ ([2.4])

and
−ζ̄ − ∂t̄φ̄ =

½
0, x̄ /∈ (−b̄, b̄),

β∂4x̄ζ̄ + γ∂2t̄ ζ̄, x̄ ∈ (−b̄, b̄),
([2.5])
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where β is

β =
D

ρgh4
.

For clarity the overbar is dropped from now on.

3 The Energy Inner Product
The spectral-theory solution of equations ([2.4]) and ([2.5]) is based on the spectral theory for a self-adjoint operator.

We therefore require an inner product in which the operator is self-adjoint. This inner product, since the system is
conservative, is derived from the energy. The potential and displacement both contribute to this energy and we combine
them in a two component vector, U (x, t), given by

U (x, t) =

µ
φ(x, t)
iζ(x, t)

¶
. ([3.1])

The energy consists of the kinetic energy of the water (∝ ¯̄φ2t ¯̄), the potential energy of the water (∝ ¯̄φ2 ¯̄), and the energy
of the plate. The energy inner product for the two vectors

U =

µ
φ(x, t)
iζ(x, t)

¶
and U 0 =

µ
φ0(x, t)
iζ 0(x, t)

¶
is

hU,U 0iH =
­∇Gφ,∇Gφ0

®
+
­
ζ, ζ0

®
+ χPβ

­
∂2xζ, ∂

2
xζ
0® ([3.2])

where χP is the characteristic function for the plate. This inner product can also be written as
hU,U 0iH =

­
∂nGφ,φ0

®
+
­¡
1+ χPβ∂

4
x

¢
ζ, ζ 0

®
provided that the functions satisfy the appropriate smoothness and boundary conditions. The subscript H is used to
denote the special inner product and the angle brackets without theH denote the standard inner product, i.e.

hf (x) , g (x)i =
Z ∞
−∞

f (x) g∗ (x) dx.

We now write ([2.4]) and ([2.5]) as
1

i
∂tU = PU [3.3]

U (x, t)t=0 = U0 (x) =

µ
φ0(x)
iζ0(x)

¶
where the operator P is

P =
µ

0 1+ χPβ∂
4
x

∂nG 0

¶
.

The operator is P self adjoint in the energy inner product ([3.2]). We can express the solution to ([3.3]) as
U (x, t) = eiPtU0 ([3.4])

where eiPt is a unitary operator.

4 The Expansion in Eigenfunctions
In this section, a solution for the time dependent motion of the plate-water system is developed using the theory of

self-adjoint operators. To evaluate equation ([3.4]) we require a method to calculate the evolution operator eiPt. This can
be accomplished by using the eigenfunctions of the operator P, which are the single frequency solutions.
4.1 Finding the eigenfunctions

Since P is self-adjoint, the eigenvalues, λ,must be real and therefore the eigenfunctions of P are oscillatory exponentials
outside the region of water covered by the plate. Furthermore, since the plate is finite, the spectrum (set of eigenvalues)
is the entire real numbers. As is expected for two-component systems, there are two eigenfunctions associated with each
eigenvalue λ. We choose incoming waves from the left (U>) and the right (U<) of unit amplitude as a basis for the
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eigenspace since they are the standard single frequency solutions. U> have the following asymptotics,

lim
x→−∞U

> (x,λ) =

µ
esgn(λ)ikx

λesgn(λ)ikx

¶
+ S11

µ
e−sgn(λ)ikx

e−sgn(λ)ikx

¶
[4.1]

lim
x→+∞U

> (x,λ) = S12

µ
Tesgn(λ)ikx

Tesgn(λ)ikx

¶
where k is the positive real solution to the dispersion equation

k tanh k = λ2

and S11, S12, S21, and S22 are the reflection and transmission coefficients (which must be determined). .
We find the eigenfunctions by solving the following equationµ

0 1+ χPβ∂
4
x

∂nG 0

¶
U = λU,

which is the boundary value problem
∆φ = 0, −∞ < x <∞, −H < z < 0 [4.2]
iλζ = ∂nGφ, z = 0

λφ =
¡
1+ χPβ∂

4
x

¢
iζ.

The solution method used here is based on a boundary element formulation for the water as described in [3].
These eigenfunctions satisfy the following orthogonality conditions­

U> (x,λ) , U>
¡
x,λ0

¢®
H = 4πλ

2δ
¡
λ− λ0

¢
.­

U< (x,λ) , U<
¡
x,λ0

¢®
H = 4πλ

2δ
¡
λ− λ0

¢
.­

U> (x,λ) , U<
¡
x,λ0

¢®
H = 0.

The rigorous justification of these formulas involves complicated arguments essentially developed in mathematical
physics for scattering theory [4]. By a compactness argument (related to the boundedness of the plate), they are ac-
tually deduced from the similar formulas which hold for the unperturbed problem, i.e., without the plate. In this case, the
latter simply follow from the use of the horizontal Fourier transform.
We expand the motion as

U (x, t) =

Z ∞
−∞

¡
A (λ)U> (x,λ) +B (λ)U< (x,λ)

¢
eiλtdλ

and taking inner product we obtain
A (λ) =

­
U0 (x) , U

> (x,λ)
®
H /4πλ

2

and
B (λ) =

­
U0 (x) , U

< (x,λ)
®
H /4πλ

2.
We can make some simplifications to the formulation in the case when the initial potential and displacement corre-

spond to an incoming wave.

5 Results
We will repeat the calculations that were made in [1]. We begin by considering an incoming wave. The plate length

is b = 50 and stiffness is β = 2× 104. We consider a wave which is incoming from the left with potential given by
φ (x) = e−(x+125)

2/350

and with the corresponding displacement so that the pulse is travelling to the right. The potential for the times t = 0, 30,
60, 90, 120, 150, 180, 210 and 240 are shown in Figure 1. This figure is identical with the equivalent figure in [1].
We now consider the evolution of the plate released from an initial displacement. We use the same values as before,

and the initial plate potential and displacement is given by

U0 =

µ
0

ie−(hx)
2/350

¶
.

Figure 2 shows the plate displacement ζ for the times shown. Again this is the same as the equivalent figure in [1]
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Figure 1. The evolution of the potential due to a pulse travelling to the right for the times shown. The plate occupies the
region −50 ≤ x ≤ 50 and is shown by the bold line. β = 2× 104, b = 50.
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Figure 2. The evolution of a symmetric displacement for a plate released at t = 0 for the times shown. β = 2× 104,
b = 50.

6 Conclusions
We have presented a method to calculate the time dependent motion of maseless thin plate floating on the surface

of water of arbitrary depth. The method is based on finding an inner product in which the operator describing the plate
water system is self-adjoint. The time dependent solution is then found by an expansion in the eigenfunctions of this
self-adjoint operator. These eigenfunctions are the time-harmonic solutions.
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