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SUMMARY

In[1] it was noted that the solution to the scattering of a plane wave by afinite gap in an infinite, thin breakwater for
arbitrary incident wave angle could be written in terms of the solution to the problem in which the incident wave is
parallel to the breakwater. Such a relationship is an example of an embedding formula. Recently it has been shown
[2] that embedding formulas can be derived for the case of N gapsin an infinite breakwater; in this case the result for
an arbitrary angle of incidence is determined from the solution to 2N separate problems (the reason this reduces to 1
in the case of asingle gap is due to symmetry).

Solutions to these breakwater-gap problems are related to problems in which the gaps and breakwaters are in-
terchanged. (Thisis an example of Babinet's principle, see [3].) Thus embedding formulas are easily derived for a
finite number of collinear breakwaters. Here we show that similar formulas can be derived when the breakwaters are
parallel, but not necessarily collinear; a situation which does not correspond to any breakwater-gap problem.

FORMULATION

We consider an array of N breakwaters, each in the form of a thin vertical barrier extending throughout the water
depth. The breakwaters are all parallel so that their intersection with the undisturbed free surface, denoted by L, isthe
union of afinite collection of parallel stripsin R?:

L:ULm L,={x:a, <x <bn, y =1},

wherex = (z,y). A planewave making an angle 5 with the z-axisisof theform Re{ f3(x) cosh k(z+h) exp(—iwt)},
where h isthe water depth, & tanh kh = w? /g, and

fo(x) = o~ ik(x cos f+ysin §)

Thetotal scattered field will be characterized by fs + ¢, where

(V2 + k) s = 0 x € R2\L, @)
86%6 =iksinf fa x € L. 2

The potential ¢ aso satisfies an outgoing radiation condition asr = /22 + y2 — oo, and appropriate conditions at
the edges of the breakwaters.

We will also consider N + 1 further (non-physical) problems where instead of the body boundary condition (2),
we have

Yg=—fp x€L

and
¢é”):_fg”) xeL, n=1,...,N,

where
(n) _ fﬁ(x) XE Lna
Jo () = {0 x € L\Ly.

Notethat 15 = S0, o).
The solutions to these problems are related. Consider the function
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By construction ¢ satisfies (1), (2) and the radiation condition. The constants A("> are to be chosen so that ¢
is bounded at (an,n,), (bn,nm), n = 1,...N. The number of unknown constants |s the same as the number of
breakwater edges and this provides the reason why the embedding formulas given below require the solution of 2.V
separate problems.

All the above problems can easily be formulated as integral equations. If we define

:(6177)’ R:‘X_Xlla

then the breakwater scattering problem can be written as an integral equation for the unknown jump in the potential
across each barrier. For numerical computations one would probably formulate the problem as a hypersingular integral
equation, but for our purposes we use the fact that all the barriersare parallel to the z-axisto write theintegral equation
in the form

0? 1) .
(W +k2> / PV B (kR) d¢ = 2ksin B fo(x), x € L, ()
L

where
Note that ps(an, nn) = pa(bn, nn) = 0. Once pg has been determined, the solution is given everywhere in the fluid
by

- /
050) = ~5 5, | PaG)HIY (kR) e (5)
For ¢ and ¢g’) we have
/ vg(xVHSV (kR) d¢ = —2if5(x), x €L, (6)
L

where vs(z,1,) = 5(3¢s/0yl,_,+ — s/dyl,_,-), and
/L o HP (R)dg = —2fV(x),  x €L, @

where " (x,9,) = (005" /oyl,_,+ — 005" /oy, _,-).
Ask‘r — o0 (x = TCOSQ y = rsind), wehave

ei(k'r737r/4) ei(kr737r/4)

Vo~ GrpniE Gos 00~ Gy Fes

where the diffraction coefficients G g and Fy g are given by
Ggﬁ = / fg’l}g, Fgﬁ = ik sin9/ fgplg. (8)
L L

It follows from (4) and (6) that Go s = G and Fy g = Fp .
The particular form of the integral equation (4) is used because it can be written

9 9
(% + ik;) (8_x T ik;) /Lpg(x’)Hél)(k;R) dé = 2ksin B f5(x), x€L,

from which, using integration by parts,

(%i k)/L(aapgﬁ( ") F ikpg(x )) HV (kR)d¢ = 2ksin B f5(x),  x € L.

Now we solve this pair of first-order ODEs (each defined on IV intervals):

Ops (1) 2isin 3
/L<a§( ") Fikps(x ))Ho (kR)df—m< +ZC ﬁf:F >» xel, €)

where, for convenience, we use subscripts + and — for 7 and 0, respectively, and Cg:i)ﬁ are2N constants of integration.



It follows from (6) and (7) that

N
s _. —sinf3 (n) , (n)
a—x F 1k‘p5 = m VB + Z C:F,ﬁU:F s X € L, (10)

n=1

and hence (multiply by fj(Fm) (x) and integrate over )
a) + Z WG =0, m=1,...,N, (11)

where
G(gi%m) /fg(m) (n) df G(n m)’ (12)
and

N
Gé%) = /Lfg(m)vﬁ d¢ = /fﬂvo d¢ = ZG (n,m) _ ZGé%’n).

Equation (11) represents two N x N systems of equations for the constants c(") Note that knowledge of v\ is
sufficient to be able to compute these constants.
The constants A"}, defined in (3) and c"); defined in (9) can be shown to be related. Using (3), (6) and (7) we

have
| pot i Ry g = 6( +Z[ AT FE () + AT P (x >]> (13)

for x € L. If we differentiate with respect to x, use integration by parts, and then use (10) we can show that

Ail)ﬁ = 1(1 F cos ﬁ)cgg)ﬁ (14)

We also get (multiply (13) by vy (x) and integrate over L)

_sind () () A(0)
Fop = bmﬂ<Gﬁ0+nZl[A LGo+ATG] ) B (15)
If we eliminate v3 from (10) we obtain
N
9DPE ik _ lg (n) , (n) _ (n) (n) I 16
o ikcosBpg = 5 smﬁz ¢ 50 cy 50 ) x €L, (16)
n=1

and this can be solved for pg. For x € L,, wethus have

N
poenn) = Maena)sing [ 3 fropeom) (P (Em) - Pt €n) de. @)

Am p=1

which expresses p in terms of v(()") and v™. The solution to the breskwater scattering problem for an arbitrary angle
of incidence is thus determined, through (5), in terms of the solution to 2N integral equations of the form (7).
The relationships between the diffraction coefficients take particularly simple forms if we define

Fo,5 = (cosb + cos B) Fy s, Go.p = (cosf +cos B)Gy 3, etC.

From (8) and (17), we can derive

Fop =13 sm fsin Z (c(n) G(n) m}gG’E:g)

n=1

and from (15) we then get
N

ge,ﬁ _ Z (A(n) g(n) + A(ﬂ gT(rne)) ) (18)

n=1



Alternatively, using (11),

N N
Fo,p = 3sinfsin 3 Z Z (CSTL,?BCSTQ)GST?#L) _ c(_n’)ﬂc(_rfte) G(()tzdm))
n=1m=1

and
N N
Gr = 32 3 (AThACGH™ + AT, Aot

n=1m=1
from which the symmetry relations Fig g = Fy 3 and Gg9 = G g are obvious. In fact, equation (18) follows from
(15) if we impose the symmetry of F'.

CONCLUSION

We have shown that the scattering problem for a plane wave incident from an arbitrary angle on an arbitrary con-
figuration of N paralel breakwaters extending throughout the water depth can be related to 2V separate scattering
problems for the same geometry, but with different boundary conditions. For a given geometrical configuration and
frequency, we must solve 2N integral equations (each with the same logarithmically singular kernel) and invert two
N x N systems of equationsin order to determine the solution for any incident wave angle. This can lead to significant
computational savingsif solutions are required over arange of angles.

Embedding formulas can a so be derived for the case of N gapsin abreakwater which hasfinite thickness, see[4].
In this situation we require the solution to 4 N problems, corresponding to the fact that there are 4 N corners. Although
Babinet’s principle does not apply here, it appears that it may be possible to derive embedding formulas for an array
of rectangular columns, and work is currently underway to establish whether thisisindeed the case and, if it is, what
form such formulas would take.
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