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7KH VXUIDFH WHQVLRQ LV RIWHQ LJQRUHG LQ GHVFULELQJ ZDWHU ZDYHV DURXQG ODUJH qRDWLQJ ERGLHV� VLQFH LWV

HoHFW LV FRQVLGHUHG WR EH VLJQLpFDQW RQO\ IRU UDWKHU VKRUW ZDYHV FRPPRQO\ FDOOHG ULSSOHV ZKRVH ZDYHOHQJWK

LV RI RUGHU LQ FHQWLPHWHUV� +RZHYHU� WKH WKHRU\ RI JUDYLW\ ZDYHV PD\ \LHOG ZDYHV RI YHU\ VKRUW OHQJWK ZKLFK

FDQQRW EH LJQRUHG DQG FDXVH VXEVWDQWLDO GLrFXOWLHV LQ PRGHOOLQJ WKHP� 7KH ZRUN RQ WKH ZDYH SDWWHUQ

GXH WR D VWHDG\�PRYLQJ FRQFHQWUDWHG SUHVVXUH RQ WKH IUHH VXUIDFH E\ 8UVHOO ������ VKRZHG WKDW WKH ZDYH

HOHYDWLRQ QHDU WKH WUDFN RI SUHVVXUH SRLQW IURP WKH OLQHDUL]HG SXUH�JUDYLW\ WKHRU\ RVFLOODWHV ZLWK LQGHpQLWHO\

LQFUHDVLQJ DPSOLWXGH DQG LQGHpQLWHO\ GHFUHDVLQJ ZDYHOHQJWK� )RU WKH PRUH JHQHUDO FDVH RI D SRLQW VRXUFH

ERWK SXOVDWLQJ DQG DGYDQFLQJ DW D XQLIRUP VSHHG� VLPLODU EHKDYLRU LV UHYHDOHG LQ D UHFHQW ZRUN E\ &KHQ 	:X

������� 7KHVH VLQJXODU DQG KLJKO\ RVFLOODWRU\ SURSHUWLHV EHLQJ PDQLIHVWO\ QRQ�SK\VLFDO� LW LV H[SHFWHG WKDW

WKH VXUIDFH WHQVLRQ SOD\V DQ LPSRUWDQW UROH LQ PRGHOOLQJ VKLS ZDYHV� DW OHDVW SDUW RI WKHP� 7KH GHVFULSWLRQ

RI VKLS ZDYHV LQFOXGLQJ WKH HoHFW RI VXUIDFH WHQVLRQ LV VXPPDUL]HG KHUH�

:H FRQVLGHU WKH VWHDG\ IUHH�VXUIDFH SRWHQWLDO qRZ JHQHUDWHG E\ D VRXUFH DGYDQFLQJ DW FRQVWDQW KRUL]RQWDO

VSHHG� 7KH GLVSHUVLRQ IXQFWLRQ DVVRFLDWHG ZLWK WKH IUHH�VXUIDFH ERXQGDU\ FRQGLWLRQ LQFOXGLQJ WKH VXUIDFH

WHQVLRQ LV ZULWWHQ DV
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7KH GLVSHUVLRQ FXUYHV GHpQHG E\ '  � DUH V\PPHWULFDO ZLWK UHVSHFW WR ERWK D[HV o  � DQG p  ��
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7KH GLVSHUVLRQ FXUYHV JLYHQ E\ ��� DUH GHSLFWHG RQ WKH OHIW SDUW RI )LJXUH � DW D )URXGH QXPEHU )  ���

�XVLQJ /  � P� IRU �  � ZKHQ WKH VXUIDFH WHQVLRQ LV LJQRUHG DQG �  ����� ZKHQ WKH VXUIDFH WHQVLRQ LV

LQFOXGHG� 7KH GLVSHUVLRQ FXUYH ZLWKRXW WKH VXUIDFH WHQVLRQ ��  �� UHSUHVHQWHG E\ WKH GDVKHG OLQH LV JLYHQ

E\ N  � FRV� v DQG FRUUHVSRQGV WR WKH FDVH XVXDOO\ FDOOHG 1HXPDQQ�.HOYLQ VKLS ZDYHV� ,W LV DQ RSHQ FXUYH

DV N � � ZKHQ v � } �� 7KH GLVSHUVLRQ FXUYH ZLWK WKH VXUIDFH WHQVLRQ �� � �� LV D FORVHG RQH ZLWK D

PD[LPXP ZDYHQXPEHU N�
7
GHpQHG E\ ���� 7KH SRLQW �N� � v�� GLYLGHV WKH GLVSHUVLRQ FXUYH LQWR WZR SRUWLRQV �
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RQH �NJ � N� � WKLFN VROLG OLQH� DORQJ ZKLFK WKH HoHFW RI JUDYLW\ LV GRPLQDQW DQG DQRWKHU �N7 ! N�� WKLQ VROLG

OLQH� DORQJ ZKLFK WKH FDSLOODULW\ LV GRPLQDQW�

7KH DV\PSWRWLF DQDO\VLV EDVHG RQ WKH VWDWLRQDU\�SKDVH DUJXPHQW UHDOL]HG LQ &KHQ 	 1REOHVVH ������

JLYHV D GLUHFW UHODWLRQVKLS EHWZHHQ WKH GLVSHUVLRQ FXUYHV LQ WKH )RXULHU SODQH DQG WKH FRUUHVSRQGLQJ ZDYH

V\VWHPV RQ WKH IUHH VXUIDFH� ,QGHHG� WKH FRQVWDQW�SKDVH FXUYH �FUHVWOLQHV� DQG UHODWHG ZDYHOHQJWK� GLUHFWLRQV

RI ZDYH SURSDJDWLRQ� FXVS DQJOHV� DQG SKDVH DQG JURXS YHORFLWLHV FDQ EH GHWHUPLQHG H[SOLFLWHO\ IURP WKH

GLVSHUVLRQ IXQFWLRQ� ,Q SDUWLFXODU� WKH FUHVWOLQHV DUH JLYHQ E\ D VLPSOH IRUPXOD
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ZLWK WKH SKDVH FRQVWDQW &Q GHpQHG E\
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LQ RXU FDVH RI VWHDG\ VKLS ZDYHV� 2Q WKH ULJKW SDUW RI )LJXUH �� ZH GHSLFW WKH FUHVWOLQHV IRU Q  ��� �� c c c � ��
GHpQHG E\ ��� DVVRFLDWHG ZLWK WKH GLVSHUVLRQ FXUYHV SORWWHG RQ WKH OHIW SDUW RI WKH pJXUH� 7KH 1HXPDQQ�

)LJXUH �� 'LVSHUVLRQ FXUYHV �OHIW� DQG FUHVWOLQHV �ULJKW� RI FDSLOODU\�JUDYLW\ VKLS ZDYHV DW )  ���
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.HOYLQ VKLS ZDYHV UHSUHVHQWHG E\ GDVKHG OLQHV FRPSRVHG RI WUDQVYHUVH DQG GLYHUJHQW ZDYHV DUH SUHVHQW RQO\

LQ WKH GRZQVWUHDP DQG OLPLWHG E\ D FXVS OLQH �GRW�GDVKHG OLQH�� 7KH VKLS ZDYHV LQFOXGLQJ WKH VXUIDFH

WHQVLRQ DUH SUHVHQW LQ ERWK XSVWUHDP DQG GRZQVWUHDP� 7KH XSVWUHDP FUHVWOLQHV DVVRFLDWHG ZLWK WKH SDUW RI

GLVSHUVLRQ FXUYH DW N7 ! N� DUH FDSLOODU\ ZDYHV DQG SORWWHG E\ WKLQ VROLG OLQHV� 7KH ZDYHOHQJWK RI XSVWUHDP

FDSLOODU\ ZDYHV LV RI RUGHU �}) � N�
7
�

7KH GRZQVWUHDP FUHVWOLQHV �WKLFN VROLG OLQHV� DVVRFLDWHG ZLWK WKH SDUW RI GLVSHUVLRQ FXUYH DW NJ � N� DUH

JUDYLW\�GRPLQDQW ZDYHV� &RPSDULQJ WR WKH SXUH�JUDYLW\ ZDYHV �GDVKHG OLQHV�� WKH WUDQVYHUVH ZDYHV NHHS WKH

VDPH SURpOH ZLWK D VOLJKW VKRUWHU ZDYHOHQJWK �}) � N�
J
LQVWHDG RI �} N� �HTV� � DQG ��� 7KH PRVW VWULNLQJ

IHDWXUH FRQFHUQV WKH GLYHUJHQW ZDYHV ZKLFK GLVDSSHDU FRPSOHWHO\ DW WKLV YDOXH RI � �LQ IDFW IRU � ! �� JLYHQ

LQ WKH IROORZLQJ� GXH WR WKH HoHFW RI VXUIDFH WHQVLRQ� ,Q WKHLU SODFH� WKH WUDQVYHUVH ZDYHV DUH H[WHQGHG

VPRRWKO\ RXWZDUG WR D UHJLRQ OLPLWHG E\ WKH UD\ �GRWWHG OLQH� IRUPLQJ DQ DQJOH q� ZLWK WKH QHJDWLYH�[ D[LV

GHpQHG LQ

q  DUFWDQ>\ �b[�@ x q�  } �b v� ���

7KH FUHVWOLQHV IRU Q  ��� �� c c c � �� DUH GHSLFWHG RQ )LJXUH � IRU �  ���� �OHIW SDUW�� 2QO\ WKRVH RI

GRZQVWUHDP ZDYHV DUH GUDZQ IRU WKH VDNH RI FODULW\� 7KH WUDQVYHUVH ZDYHV DUH UHSUHVHQWHG E\ WKLFN VROLG

OLQHV DQG WKH GLYHUJHQW ZDYHV E\ WKLQ VROLG OLQHV� ZKLOH WKH UHVW RI FDSLOODU\�JUDYLW\ ZDYHV E\ GDVKHG OLQHV

OLPLWHG E\ WKH GRWWHG UD\ �q  q��� 7KH YDULDWLRQ RI q� JLYHQ LQ ��� LV SORWWHG RQ WKH OHIW SDUW RI )LJXUH

�� q�  � DW �  � PHDQV WKDW QR FDSLOODU\ ZDYHV H[LVW VLQFH WKH HoHFW RI VXUIDFH WHQVLRQ LV LJQRUHG� $W

�  �P  � �� WKH GLVSHUVLRQ FXUYH UHGXFHV WR D SRLQW ��� �� DQG q�  } � ZKLFK PHDQV WKDW DOO VWHDG\ ZDYHV

GLVDSSHDU �QR ZDY\ GHIRUPDWLRQ RI WKH IUHH VXUIDFH� VLQFH VKLS
V VSHHG LV OHVV WKDQ WKH PLQLPXP YHORFLW\ RI

FDSLOODU\�JUDYLW\ ZDYHV VR WKDW ZDYHV SURSDJDWLQJ DW VKLS
V VSHHG FDQQRW EH JHQHUDWHG�

7KHUH DUH WZR RWKHU LPSRUWDQW UD\V� PRUH HYLGHQW RQ WKH ULJKW SDUW RI )LJXUH � RQ ZKLFK RQO\ FUHVWOLQHV

RI GLYHUJHQW ZDYHV DUH NHSW� 2QH UHSUHVHQWHG E\ WKH WKLQ GRW�GDVKHG OLQH LV FORVH WR WKH FXVS OLQH RI .HOYLQ

VKLS ZDYHV� DQG DQRWKHU E\ WKLFN GRW�GDVKHG OLQH� :H GHQRWH WKH WZR UD\V UHVSHFWLYHO\ E\ q  qF DQG

q  q� WKH DQJOHV IRUPLQJ ZLWK WKH QHJDWLYH�[ D[LV� 6DPH DV q� � WKH UD\�DQJOHV qF DQG q� DUH IXQFWLRQ RI WKH



)LJXUH �� &UHVWOLQHV RI FDSLOODU\�JUDYLW\ VKLS ZDYHV DW �  ���� �OHIW� DQG GHpQLWLRQ RI UD\V �ULJKW�
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SDUDPHWHU �� )ROORZLQJ WKH ZRUN SUHVHQWHG LQ >�@� WKH YDOXH RI qF LV DVVRFLDWHG ZLWK WKH QRUPDO GLUHFWLRQ DW

WKH pUVW SRLQW RI LQqHFWLRQ DORQJ WKH GLVSHUVLRQ FXUYH� ZKLFK LV TXLWH FORVH WR WKDW IRU WKH 1HXPDQQ�.HOYLQ

VKLS ZDYHV� 7KHUH H[LVWV D VHFRQG LQqHFWLRQ SRLQW DORQJ WKH GLVSHUVLRQ FXUYH RI FDSLOODU\�JUDYLW\ VKLS ZDYHV

DW ORZ YDOXHV RI �� 7KH YDOXH RI q� LV JLYHQ E\ WKH QRUPDO GLUHFWLRQ DW WKLV VHFRQG SRLQW RI LQqHFWLRQ� 7KH

UD\�DQJOH qF EHFRPHV WKH FXVS DQJOH q
�

F
 qF��  �� } ��r��� RI SXUH�JUDYLW\ VKLS ZDYHV ZKHQ � � � ZKLOH

q� WHQGV WR ]HUR� 7KH YDULDWLRQ RI qF DQG q� LV VKRZQ RQ WKH ULJKW SDUW RI )LJXUH �� 7KH YDOXH RI �� } �����
DW ZKLFK q�  qF LV XVHG WR UHVFDOH WKH ��D[LV RQ WKH pJXUH� 7KH FXVS DQJOH qF �WKLQ VROLG OLQH� LV VOLJKWO\

ODUJHU WKDQ WKDW RI SXUH�JUDYLW\ VKLS ZDYHV� 7KH UD\�DQJOH q� �WKLFN VROLG OLQH� LQFUHDVHV UDSLGO\ IRU � ! �

DQG WRXFKHV WKH VDPH YDOXH DV qF IRU �  ���

)LJXUH �� 5D\�DQJOHV q� �OHIW�� qF DQG q� �ULJKW� GHSHQGHQW RQ WKH SDUDPHWHU �
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,W LV VKRZQ WKDW WKH GLYHUJHQW ZDYHV FDQ EH IRXQG RQO\ LQ WKH UHJLRQ �q� x q x qF� ZKHUH WUDQVYHUVH

ZDYHV DSSHDU DV ZHOO� ,Q WKH UHJLRQ QHDU WKH VKLS
V WUDFN �� x q x q��� RQO\ WUDQVYHUVH ZDYHV DUH SUHVHQW�

6LQFH q� LQFUHDVHV VLJQLpFDQWO\ ZLWK LQFUHDVLQJ � �FRUUHVSRQGLQJ WR WKH GHFUHDVH RI IRUZDUG VSHHG�� WKH UHJLRQ

�q� � q � qF� ZKHUH GLYHUJHQW ZDYHV DSSHDU LV PRUH DQG PRUH UHGXFHG� $W �  �� } ����� �FRUUHVSRQGLQJ
WR 8  8� } ����� P�V�� WKHUH GRHV QRW H[LVW DQ\ GLYHUJHQW ZDYH�

7KHVH UHVXOWV FRQFHUQLQJ GLYHUJHQW ZDYHV DUH ZHOFRPH LQ WKH PRGHOOLQJ RI VKLS ZDYHV� VLQFH ZH NQRZ

IURP >�@ DQG >�@ WKDW� E\ H[FOXGLQJ WKH VXUIDFH WHQVLRQ� WKH SDUW RI GLYHUJHQW ZDYHV EHFRPHV H[WUHPHO\

RVFLOODWRU\ DQG VLQJXODU VR WKDW VXEVWDQWLDO GLrFXOWLHV DULVH LQ WKHLU QXPHULFDO FRPSXWDWLRQV� )ROORZLQJ WKH

GHYHORSPHQW SUHVHQWHG LQ >�@� ZH PD\ ZULWH WKH ZDYH FRPSRQHQW RI FDSLOODU\�JUDYLW\ VWHDG\ qRZ E\ WKH VXP

RI WZR SDUWV �
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UHVSHFWLYHO\� DQG ZLWK
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7KH VLQJOH LQWHJUDOV ��E� DQG ��F� DUH FRQYHUJHQW HYHQ IRU ]  �� L�H�� ZKHQ ERWK WKH VRXUFH DQG pHOG

SRLQWV DUH ORFDWHG DW WKH IUHH VXUIDFH� VLQFH WKH DPSOLWXGH RI RVFLOODWRU\ LQWHJUDQGV LV RI RUGHU 2�� N� LQVWHDG

RI 2�N� LI WKH VXUIDFH WHQVLRQ LV H[FOXGHG� )XUWKHUPRUH� ERWK NJ DQG N7 KDYH pQLWH YDOXH IRU � ! � VR WKDW

*:

J
DQG *:

7
DUH QRW VLQJXODU� 7KH VKLS ZDYHV JLYHQ E\ ��E� DQG ��F� DUH LOOXVWUDWHG RQ )LJXUH �� 7KH JUDYLW\�

)LJXUH �� 6KLS ZDYHV DORQJ D WUDQVYHUVDO FXW �OHIW� DQG D ORQJLWXGLQDO FXW �ULJKW�
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GRPLQDQW ZDYHV *:

J
DUH SORWWHG RQ WKH OHIW SDUW RI WKH pJXUH DORQJ D WUDQVYHUVDO FXW �[  b��) ��� 7KH ZDYHV

DW �  ���� ���� DQG ���� DUH SORWWHG ZLWK WKLFN VROLG OLQHV� WKLQ VROLG OLQHV DQG GDVKHG OLQHV� UHVSHFWLYHO\� 7KH

FDSLOODULW\�GRPLQDQW ZDYHV *:

7
DUH SORWWHG RQ WKH ULJKW SDUW RI WKH pJXUH DORQJ D ORQJLWXGLQDO FXW �\  ���

7KH ZDYHV DW �  ������ ��� DQG ���� DUH SORWWHG ZLWK WKLFN VROLG OLQHV� WKLQ VROLG OLQHV DQG GDVKHG OLQHV�

UHVSHFWLYHO\� 7KH VRXUFH DQG pHOG SRLQWV DUH ERWK ORFDWHG DW WKH IUHH VXUIDFH �]  ��� 7KHVH UHVXOWV FRQpUP

WKDW ZDYHV JHQHUDWHG E\ D SRLQW VRXUFH VWHDGLO\ DGYDQFLQJ RQ WKH IUHH VXUIDFH DUH QRW VLQJXODU RQ WKH IUHH

VXUIDFH LQFOXGLQJ WKH UHJLRQ FORVH WR WKH WUDFN RI WKH VRXUFH�

,Q VXPPDU\� WKH VWHDG\ VKLS ZDYHV LQFOXGLQJ WKH VXUIDFH WHQVLRQ DUH DQDO\]HG XVLQJ GLUHFWO\ WKH UHOD�

WLRQVKLS EHWZHHQ WKH GLVSHUVLRQ UHODWLRQ DQG IDU�pHOG ZDYHV � UHVXOWV REWDLQHG LQ >�@� ,W LV VKRZQ WKDW WKH UROH

RI VXUIDFH WHQVLRQ LQ PRGHOOLQJ VKLS ZDYHV LV WZRIROG� )LUVWO\� LQFOXGLQJ WKH HoHFW RI VXUIDFH WHQVLRQ \LHOGV

PRUH UHDOLVWLF GHVFULSWLRQ RI VKLS ZDYHV� (VSHFLDOO\ IRU ORZ IRUZDUG VSHHG� WKH GLYHUJHQW ZDYHV DUH ODUJHO\

FRPSUHVVHG DQG DSSHDU RQO\ LQ D ]RQH EHWZHHQ WZR UD\V � WKH OLQH �q  q�� DQG WKH FXVS �q  qF�� $W

ORZHU VSHHG RI 8 x 8� } ����� P�V �FRUUHVSRQGLQJ WR �  �� } ������� QR GLYHUJHQW ZDYHV H[LVW� :KHQ
8 � 8P } ����� P�V �FRUUHVSRQGLQJ WR �  �P  ����� QR ZDYH FDQ EH JHQHUDWHG� 6HFRQGO\� LQWURGXFLQJ

RI VXUIDFH WHQVLRQ LQ WKH IRUPXODWLRQ RI VKLS ZDYHV HOLPLQDWHV WKH VLQJXODULW\ RI WKH *UHHQ IXQFWLRQ ZKHQ

ERWK WKH VRXUFH DQG pHOG SRLQWV DUH DW WKH IUHH VXUIDFH� 7KHVH EHQHpWV ZLOO EH PXFK PRUH HQMR\HG LQ WKH

QXPHULFDO GHYHORSPHQW RI SUDFWLFDO FRPSXWDWLRQ PHWKRGV�
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>�@ & KHQ ;�%� 	 : X * �;� ������ 2Q VLQJXODU DQG KLJKO\ RVFLOODWRU\ SURSHUWLHV RI WKH *UHHQ IXQFWLRQ IRU

VKLS PRWLRQV� -� )OXLG 0HFK� ���� ������
>�@ /LJKW KLO O -� ������ :DYHV LQ )OXLGV� &DPEULGJH 8QLYHUVLW\ 3UHVV�
>�@ & KHQ ;�%� 	 1REO HVVH ) � ������ 'LVSHUVLRQ UHODWLRQ DQG IDU�pHOG ZDYHV� 3URF� ��WK ,QWO :RUNVKRS

RQ :DWHU :DYHV DQG )ORDWLQJ %RGLHV� &DUU\�/H�5RXHW �)UDQFH�� ������
>�@ & KHQ ;�%� ������ $Q LQWURGXFWRU\ WUHDWLVH RQ VKLS�PRWLRQ *UHHQ IXQFWLRQV� 3URF� �WK ,QWO 1XP� 6KLS
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