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1 Introduction

The steady wave pattern developed on the free surface in inviscid two-dimensional 
uid

domain is well known. In this work, we investigate the in
uence of a thin �lm of insoluble

material on air{liquid interface, on the wave characteristics. The linearized version of

the titled problem in a two{
uid medium has been considered by Miloh et al [1]. We

employ a quasi{potential approximation and assume that the main 
ow is potential, while

the e�ect of surfactants enters the problem via Bernoulli equation. Thus, the problem is

formulated in terms of a single potential function. The wave amplitude, consistent with the

approximation made may be moderate. We consider a pressure distribution moving to the

left with constant velocity c > 0, on a two{dimensional deep water air{liquid interface, on

which there exists a monolayer �lm of surface active agents. The equations and boundary

conditions are expressed in terms of orthogonal curvilinear coordinates (s; n). Here s

denotes arclength along the free surface and n denotes distance along the straight line

perpendicular to the interface, considered positive in the outwards direction (i.e. from the

liquid to the air). The pressure problem is formulated as a system of nonlinear integro{

di�erential equations for the unknowns on the free surface. These equations are discretized

and converted into a system of nonlinear algebraic equations which are solved by Newton's

iterations.

2 Governing equations and numerical procedure

We consider a two{dimensional distribution of pressure P (with compact support) moving

to the left at a constant velocity c at the surface of a 
uid of in�nite depth and constant

density �. This can be interpreted as an inverse problem for a "two{dimensional" contour

moving at a constant velocity c at the surface of a 
uid. Here the shape of the contour

is not known a priori but is given at the end of the calculations by the shape of the free

surface below the support of the pressure distribution. We seek steady solutions in a frame

moving with the pressure distribution. We choose Cartesian coordinates with the y-axis

directed vertically upwards. We introduce dimensionless variables by choosing c as the

unit velocity and c2=g as the unit length. Here g is the acceleration of gravity.

The full boundary conditions for a Newtonian type interface in the presence of sur-

factants are given in Edwards et al [2]. The derivation of these boundary conditions is

based on the so called Boussinesq{Scriven constitutive relationship (Scriven [3]) which is

expressed in terms of two quantities �s and �s, the interfacial and dilatational viscosities

respectively. We combine these boundary conditions with the quasi{potential approxi-

mation developed by Ruvinsky et al [4]. This approximation is valid for slightly viscous


uids. The velocity �eld is separated into a potential part and an irrotational one. The
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resulting coupled equations enable one to solve the potential part and deduce from it the

(assumed small) irrotational one. The resulting boundary condition on the free surface for

the potential function � is
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is the Reynolds number,
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the Boussinesq number,
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the Weber number and
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the Marangoni number. Here � is the kinematic viscosity, E0 the Gibbs elasticity, K the

curvature of the free surface and
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the variable surface tension.

Next we introduce, in addition to the potential function �, the stream function  .

Without loss of generality, we chose  = 0 on the free surface. Following Asavanant and

Vanden-Broeck [5], it can be shown that
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Here we use � and  as independent variables and denote by x(�) and y(�) the values of

x and y on the free surface  = 0. The prime denotes derivative with respect to �.

We then express all the derivatives in (1) in terms of x(�) and y(�). This can easily

be done by noting that
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For given values of Re, B0, We and Mr, relations (1), (7)-(10) de�ne a system of integro-

di�erential equations for the two unknown functions x(�) and y(�) This system is dis-

cretized and the resulting algebraic equations are solved by Newton's iterations. In our

calculation we chose

P = �exp
b

�2 � a2
for j�j < a (11)

and P = 0 for j�j � a.

Once x(�) and y(�) are known, the free{surface vorticity !s is determined from

!s = 2K + 2B0
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In (12), K and @
2
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are given by (10) and (9) and @
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The numerical results show that there are in general two trains of waves on the free

surface (a train of short waves at the front of the distribution of pressure and a train of

longer waves at the back). Both trains are damped by viscosity. We will discuss how the

various parameters Re, B0, We and Mr a�ect the rate of damping.
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