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1RZ SOHQW\ RI VWXGLHV RQ WKH VHDNHHSLQJ SUREOHP RI VKLSV EDVHG RQ WKH SRWHQWLDO WKHRULHV DUH
SHUIRUPHG E\ DSSO\LQJ WKH 5DQNLQH SDQHO PHWKRGV �530V� LQ IUHTXHQF\ GRPDLQ DQG�RU UHFHQWO\
LQ WKH WLPH GRPDLQ WR FDSWXUH WKH QRQOLQHDU HmHFWV� 0RVW RI UHSRUWV KDYH WUHDWHG VOHQGHU VKLSV
DQG VXJJHVWHG VRPH LPSURYHPHQWV RI WKH HVWLPDWLRQ DFFXUDF\ DW OHDVW IRU WKH VOHQGHU VKLSV DQG
IRU WKH JOREDO K\GURG\QDPLF IRUFHV DQG VKLS PRWLRQV� +RZHYHU LW KDV QRW EHHQ PDGH VR FOHDU
ZKHWKHU RU QRW WKH PHWKRGV DUH HmHFWLYH DOVR IRU WKH EOXQW VKLSV DQG IRU WKH HVWLPDWLRQ RI ORFDO
IRUFHV�
,ZDVKLWD HW DO������� KLJKOLJKWHG WKH ZDYH SUHVVXUH GLVWULEXWLRQ ORFDOO\ DFWLQJ RQ D EOXQW VKLS

DQG IRXQG D VLJQLnFDQW GLVFUHSDQF\ EHWZHHQ FRPSXWHG DQG PHDVXUHG ZDYH SUHVVXUH DW WKH ERZ
SDUW� 7KHLU FRQVHFXWLYH VWXGLHV VKRZ WKDW WKLV GLVFUHSDQF\ FDQ QRW EH UHGXFHG VR PXFK HYHQ LI
WKH LQoXHQFH RI WKH VWHDG\ oRZ LV WDNHQ LQWR DFFRXQW PRUH DFFXUDWHO\� ,ZDVKLWD 	 ,WR �������
,ZDVKLWD ������ DGRSWHG D GLmUDFWLRQ ZDYH LQVWHDG RI WKH ZDYH SUHVVXUH LWVHOI DQG DSSOLHG RQH
RI WKH PRVW VRSKLVWLFDWHG 530V WR DQRWKHU NLQG RI EOXQW VKLS DQG FRPSDUHG WKH FRPSXWHG
GLmUDFWLRQ ZDYH ZLWK PHDVXUHG RQH� 1RWZLWKVWDQGLQJ WKH FRPSXWDWLRQ PHWKRG DSSOLHG WKHUH
FRXOG WDNH DFFRXQW RI WKH LQoXHQFH RI WKH IXOO\ QRQOLQHDU VWHDG\ ZDYH nHOG� WKH WKHRUHWLFDO
FRPSXWDWLRQ XQGHUHVWLPDWHG H[SHULPHQW PRUH WKDQ ��� DV ZHOO DV SUHYLRXV ZDYH SUHVVXUH�
,Q WKLV SDSHU ZH SHUIRUP D V\VWHPDWLF H[SHULPHQW IRU D 6HULHV��� �&E  ���� DQG PHDVXUH

QRW RQO\ WKH K\GURG\QDPLF IRUFHV EXW DOVR UDGLDWLRQ DQG GLmUDFWLRQ ZDYHV DW D VDPH WLPH� LQ
RUGHU WR SURYLGH WKH H[SHULPHQWDO GDWD WR DOO WKH UHVHDUFKHUV FRQFHUQHG ZLWK� 7KH FRQYHQWLRQDO
K\GURG\QDPLF IRUFHV FRUUHVSRQG WR JOREDO IRUFHV DQG XQVWHDG\ ZDYHV UHSUHVHQW WKH ORFDO SK\V�
LFDO YDOXHV LQ WKH ZDYH nHOG DURXQG WKH VKLS� 1XPHULFDO FDOFXODWLRQV E\ VWULS PHWKRG� *UHHQ
IXQFWLRQ PHWKRG �*)0� DQG 530 DUH DOVR FDUULHG RXW DQG REWDLQHG UHVXOWV DUH FRPSDUHG ZLWK
H[SHULPHQWV� 7KHQ ZH GLVFXVV KRZ WKRVH FRPSXWDWLRQ PHWKRGV FDQ SUHGLFW H[SHULPHQWV�
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)LJ� � &RRUGLQDWH V\VWHP

:H FRQVLGHU D VKLS DGYDQFLQJ DW FRQVWDQW IRUZDUG
VSHHG 8 LQ REOLTXH UHJXODU ZDYHV HQFRXQWHUHG DW DQ�
JOH �� )LJ��� 7KH VKLS PRWLRQV �>zMH

L�HW@�M  � z ��
DQG WKH ZDYH DPSOLWXGH $ RI WKH LQFLGHQW ZDYH DUH DV�
VXPHG WR EH VPDOO� �� LV WKH FLUFXODU IUHTXHQF\ DQG .
WKH ZDYH QXPEHU RI WKH LQFLGHQW ZDYH� 7KH HQFRXQWHU
FLUFXODU IUHTXHQF\ LV �H� �� b.8 FRV��� 7KH OLQHDU
WKHRU\ LV HPSOR\HG IRU WKLV SUREOHP DVVXPLQJ LGHDO
SRWHQWLDO oRZ�
7KH WRWDO YHORFLW\ SRWHQWLDO k RI WKH oXLG JRYHUQHG

E\ /DSODFH
V HTXDWLRQ FDQ EH H[SUHVVHG DV

k�[� \� ]� W�  8j�[� \� ]� � �>��[� \� ]�HL�HW@ ���



ZKHUH

� 
J$

��
��� ���� � L�H

�;
M �

zM�M � ��  LH.]bL.�[ FRV��\ VLQ�� ���

j PHDQV WKH VWHDG\ ZDYH nHOG DQG � WKH XQVWHDG\ ZDYH nHOG ZKLFK FRQVLVWV RI WKH LQFLGHQW
ZDYH ��� WKH GLmUDFWLRQ ZDYH �� DQG WKH UDGLDWLRQ ZDYH �M�M  � z ��� 7KH NLQHPDWLF DQG
G\QDPLF ERXQGDU\ FRQGLWLRQV WR EH VDWLVnHG RQ WKH H[DFW IUHH VXUIDFH ]  r�[� \� W� \LHOGV
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%\ VXEVWLWXWLQJ ��� LQWR ���� WKH SUREOHP FDQ EH GHFRPSRVHG LQWR WKH VWHDG\ DQG WKH XQVWHDG\
SUREOHPV�
7KHQ WKH VWHDG\ ZDYH nHOG LV VROYHG VR WKDW
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LV VDWLVnHG RQ WKH H[DFW VWHDG\ IUHH VXUIDFH ]  rV�[� \� DQG #j #Q  � RQ WKH ERG\ VXUIDFH
6+� $ 530 GHYHORSHG E\ -HQVHQ HW DO������� LV XVHG WR VROYH WKLV SUREOHP QXPHULFDOO\� 7KH
QRQOLQHDU IUHH VXUIDFH FRQGLWLRQ ��� LV VDWLVnHG E\ LWHUDWLRQ VFKHPH DQG WKH UDGLDWLRQ FRQGLWLRQ
E\ VKLIWLQJ WKH FROORFDWLRQ SRLQWV RQH SDQHO XSZDUG�
$VVXPLQJ VPDOO DPSOLWXGH RI WKH LQFLGHQW ZDYH DQG VKLS PRWLRQV� ZH FDQ OLQHDUL]H WKH IUHH

VXUIDFH FRQGLWLRQ IRU �M DURXQG WKH VWHDG\ IUHH VXUIDFH ]  rV�[� \� REWDLQHG E\ VROYLQJ WKH
SUHYLRXV VWHDG\ SUREOHP� 7KH nQDO IRUP FDQ EH ZULWWHQ ZLWK FRUUHVSRQGLQJ ERG\ ERXQGDU\
FRQGLWLRQ DV IROORZV �1HZPDQ ������� %HUWUDP ��������
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PM DQG 9 � Uj� LQ ��� DQG ��� DUH HYDOXDWHG E\ XVLQJ WKH VWHDG\ QRQOLQHDU ZDYH nHOG� j�
2QFH �M LV REWDLQHG� WKH XQVWHDG\ SUHVVXUH �>SH

L�HW@ LV JLYHQ DV IROORZV �7LPPDQ 	 1HZPDQ
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HM�M  �� ���� DUH WKH XQLW YHFWRUV RI [� \� ] D[HV� 7KH DGGHG PDVV 	 GDPSLQJ FRHpFLHQWV DQG
ZDYH H[FLWLQJ IRUFHV DUH FRPSXWHG E\ VXEVWLWXWLQJ WKH nUVW DQG WKH VHFRQG WHUP RI ��� LQWR ���
UHVSHFWLYHO\ DQG LQWHJUDWLQJ WKH SUHVVXUH RYHU WKH VKLS VXUIDFH�
7KH UDGLDWLRQ DQG GLmUDFWLRQ ZDYHV �>rMH
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ZKHUH y 8�� J� 7KH LQoXHQFH RI WKH VWHDG\ oRZ LV LQWURGXFHG WKURXJK WKH WHUPV PXOWLSOLHG
E\ � .��
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7KH H[SHULPHQW ZDV FDUULHG RXW IRU 6HULHV��� PRGHO RI &E  ��� DW 5,$0� .\XVKX 8QLYHUVLW\�
7KH OHQJWK RI WKH PRGHO LV /  �P� $GGHG PDVV 	 GDPSLQJ FRHpFLHQWV� ZDYH H[FLWLQJ IRUFHV
DQG ERWK RI UDGLDWLRQ ZDYH �GXH WR KHDYH DQG SLWFK PRWLRQ� DQG GLmUDFWLRQ ZDYH ZHUH PHDVXUHG�
8QVWHDG\ ZDYHV ZHUH PHDVXUHG E\ 0XOWLIROG 0HWKRG GHYHORSHG E\ 2KNXVX �������
,Q WKH QXPHULFDO FDOFXODWLRQ EDVHG RQ 530� ERWK WKH VWHDG\ DQG XQVWHDG\ SRWHQWLDOV� j DQG

�M� DUH H[SUHVVHG E\ WKH VRXUFH GLVWULEXWLRQV RQ WKH ERG\ VXUIDFH 6+ DQG WKH IUHH VXUIDFH 6) �
7KH ERG\ VXUIDFH DQG WKH IUHH VXUIDFH DUH GLVFUHWL]HG LQWR WKH nQLWH QXPEHU RI FRQVWDQW SDQHOV�
DQG QXPHULFDO VROXWLRQV IRU VWHDG\ DQG XQVWHDG\ SUREOHPV DUH REWDLQHG VXFK WKDW D FRUUHVSRQG�
LQJ VHW RI WKH IUHH VXUIDFH FRQGLWLRQ DQG WKH ERG\ ERXQGDU\ FRQGLWLRQ DUH VDWLVnHG DW FROORFDWLRQ
SRLQWV� 7KH FROORFDWLRQ SRLQWV RQ 6+ FRLQFLGHV ZLWK WKH JHRPHWULF FHQWHU RI HDFK SDQHO DQG
WKRVH RQ 6) DUH VKLIWHG RQH SDQHO XSZDUG LQ RUGHU WR IRUFH WKH UDGLDWLRQ FRQGLWLRQ QXPHULFDOO\�
)URP WKH SUDFWLFDO SRLQW RI YLHZ� LW KDV EHHQ FRQnUPHG WKDW WKLV QXPHULFDO UDGLDWLRQ FRQGLWLRQ
LV YDOLG RQO\ IRU ~! ��� ZKHUH ZDYHV GR QRW SURSDJDWH WR WKH IRUZDUG GLUHFWLRQ RI WKH VKLS�
1RW RQO\ WKH 530 EXW DOVR WKH *)0 DQG WKH VWULS PHWKRG DUH DOVR DSSOLHG DQG FRPSDUHG�

5(68/76

)LJ�� LOOXVWUDWHV WKH VKLS KXOO IRUP DQG D FRPSXWDWLRQ JULG RI 6HULHV��� RI &E  ���� 8VLQJ ���
SDQHOV RQ 6+ DQG DGGLWLRQDO ���� SDQHOV RQ 6) � WKH VWHDG\ SUREOHP LV VROYHG DW nUVW� )LJ��
VKRZV WKH REWDLQHG VWHDG\ ZDYH GLVWULEXWLRQ DORQJ D ORQJLWXGLQDO D[LV QHDU WKH VKLS� 7KH IXOO\
QRQOLQHDU FDOFXODWHLRQ SUHGLFWV WKH H[SHULPHQW LQ JRRG DFFXUDF\ DORQJ WKH VKLS�VLGH� EXW LW
RYHUHVWLPDWHV WUDQVYHUVH ZDYH EHKLQG WKH VKLS� 7KH GLmHUHQFH FDQ EH FRQVLGHUHG WR EH FDXVHG
E\ WKH YLVFRXV HmHFW�
%\ XVLQJ WKH VROXWLRQ RI WKH VWHDG\ SUREOHP WKH XQVWHDG\ SUREOHP LV VROYHG FRQVHFXWLYHO\�

)LJV�� DQG � DUH H[DPSOHV RI REWDLQHG K\GURG\QDPLF IRUFHV DQG VKLS PRWLRQV� 7KH SUHVHQW
FDOFXODWLRQ FDQ LPSURYH WKH HVWLPDWLRQ DFFXUDF\ RI WKH KHDYH PRWLRQ E\ WDNLQJ DFFRXQW RI WKH
LQoXHQFH RI IXOO\ QRQOLQHDU VWHDG\ ZDYH nHOG� )LJV�� DQG � VKRZ WKH XQVWHDG\ ZDYH nHOGV� 7KH
SUHVHQW FDOFXODWLRQ FDQ QRW SUHGLFW XQVWHDG\ ZDYH ZLWK ODUJH DPSOLWXGH LQ YLFLQLW\ RI WKH ERZ�
7KH GLVFUHSDQF\ ZLOO QRW EH FDXVHG E\ WKH QRQOLQHDU HmHFW EHFDXVH WKH H[SHULPHQW VKRZV WKH
nUVW WHUP RI )RXULHU VHULHV RI REWDLQHG H[SHULPHQWDO GDWD�
)XUWKHU FDOFXODWLRQV EDVHG RQ WKH *)0 DUH QRZ LQ SURJUHVV DQG WKH UHVXOWV ZLOO EH SUHVHQWHG

LQ WKH ZRUNVKRS�

5()(5(1&(6

%(575$0� 9� ������� )XOnOOLQJ 2SHQ�%RXQGDU\ DQG 5DGLDWLRQ &RQGLWLRQ LQ )UHH�6XUIDFH 3UREOHPV 8VLQJ
5DQNLQH 6RXUFHV� 6KLS 7HFKQRORJ\ 5HVHDUFK� 9RO� ����

,:$6+,7$� +�� ,72� $�� 2.$'$� 7�� 2+.868� 0�� 7$.$.,� 0�� 0,=2*8&+,� 6� ������� :DYH )RUFHV
$FWLQJ RQ D %OXQW 6KLS ZLWK )RUZDUG 6SHHG LQ 2EOLTXH 6HD ��QG 5HSRUW�� -� 6RF� 1DYDO $UFK� -DSDQ� 9RO� ���
�LQ -DSDQHVH�

,:$6+,7$� +�� ,72 $� ������� 6HDNHHSLQJ &RPSXWDWLRQV RI D %OXQW 6KLS &DSWXULQJ WKH ,QoXHQFH RI WKH 6WHDG\
)ORZ� 6KLS 7HFKQRORJ\ 5HVHDUFK� 9RO� ����

,:$6+,7$� +� ������� 'LmUDFWLRQ :DYHV RI D %OXQW 6KLS ZLWK )RUZDUG 6SHHG 7DNLQJ DFFRXQW RI WKH 6WHDG\
1RQOLQHDU :DYH )LHOG� ��WK :::)%� 0LFKLJDQ

-(16(1� *�� 0,� =��;�� 6�2',1*� +� ������� 5DQNLQH 6RXUFH 0HWKRGV IRU 1XPHULFDO 6ROXWLRQV RI WKH 6WHDG\
:DYH 5HVLVWDQFH 3UREOHP� ��WK 6\PS� RQ 1DY� +\GURG\Q�� %HUNHOH\

1(:0$1� -� 1� ������� 7KH 7KHRU\ RI 6KLS 0RWLRQV� $GYDQFHV LQ $SSOLHG 0HFKDQLFV ���

2+.868� 0� ������� $QDO\VLV RI :DYHV *HQHUDWHG E\ D 6KLS 2VFLOODWLQJ DQG 5XQQLQJ RQ D &DOP :DWHU ZLWK
)RUZDUG 9HORFLW\� -RXQDO RI 7KH 6RFLHW\ RI 1DYDO $UFKLWHFWV RI -DSDQ� 9RO����



7,00$1� 5�� 1(:0$1� -� 1� ������� 7KH &RXSOHG 'DPSLQJ &RHpFLHQWV RI D 6\PPHWULF 6KLS� -�6�5�� 9RO���
1R��

)LJ�� 3HUVSHFWLYH YLHZ RI 6HULHV��� �&E  ����

)LJ�� 6WHDG\ ZDYH GLVWULEXWLRQ DORQJ

ORQJLWXGLQDO D[LV DW )Q  ���

)LJ�� $GGHG PDVV FRHpFLHQW IRU KHDYH

)LJ�� +HDYH PRWLRQ DW )Q  ���� � ��� GHJV�

)LJ�� +HDYH UDGLDWLRQ ZDYH DW )Q  ���
)LJ�� 'LmUDFWLRQ ZDYH DW )Q  ���� � ���

GHJV�


