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SUMMARY

An adaptive finite element grid generator coupled with potential flow theory is used to solve the two-
dimensional nonlinear time domain free surface flow problem. The problem is solved by a time
marching method, and the mesh is adapted at each time step to follow the moving free surface.  The
finite element meshes are created by triangularisation of quadtree grids and are refined at the| free
surface and body boundaries. Triangular elements and linear shape functions are used, and the
solution is obtained by the Galerkin method (Wu and Eatock Taylor, 1994). Numerical results have
been obtained for wave elevation histories of standing waves in a container and a vertical wavemaker.
Results will also be provided for a standing wave interacting with a fixed rectangular body in a
container. The adaptive finite element method achieves high resolution where required and is
economic in the overall number of elements. '

1. INTRODUCTION

It is desirable to simulate wave loading on, and interactions with, large volume offshore strucitures
using fully nonlinear theory. Fully nonlinear problems are usually solved by a time marching meghod
which assumes that the wave profile and position of the structure are known at a particular ms{tant
The problem can then be solved numerically at successive time steps using potential theory. | The
potential at the free surface is the boundary condition for the next time step calculation, and thelnew
free surface profile is calculated from velocities at the surface. A two dimensional 1mp1ementat10n
of this procedure based on a finite element analysis has been described by Wu and Eatock Taylor
(1994), and its extension to three dimensions is summarised in another abstract at this workshop (Wu,
Ma and Eatock Taylor, 1995). The success of the method in the case of complicated geometries is
expected to rely on a flexible adaptive finite element grid generator. Preliminary results from th¢ use
of such a mesh generator are given here.

This paper describes a new technique for adaptive finite element mesh generation based on quadtree
grids. The finite element meshes are produced at each time step by (i) generating a quadtree| grid
about seeding points which describe the free surface and body geometry, and then (ii) dividin[g the
quadtree grid into a mesh of triangular finite elements. The grid is regenerated at each time step about
new positions of the body and free surface boundaries as they move in time. It is intended to e:ftend
the two dimensional finite element method to three dimensions at a future date; this can be done using
octree grids divided into a mesh of tetrahedral elements. Section 2 outlines the philosophy olf the
adaptive grid generator and Section 3 gives the finite element equations.

2. ADAPTIVE GRID GENERATION

The quadtree grid is generated inside a unit square by recursive subdivision about a set of seeding
points. Each division splits the divided cell into four equal sized smaller cells. The resulting grids
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are refined at the seeding points and coarser elsewhere. Further subdivisions are then performed
within the grid to ensure that cell edge ratios of neighbouring cells do not exceed 2:1. The resulting
grids have a hierarchical tree structure which enables efficient data storage and fast neighbour finding
using tree traversal techniques. Quadtree grids are discussed by Gdspar, J6zsa and Simbierowicz
(1991) who have applied multigrid-quadtree meshes to solve species transport and linearised shallow
flow problems in complex domains.

The numbering system adopted herein is based on that of van Dommelen and Rundensteiner (1989),
combined with ideas expressed by Samet (1990). The reference number for each panel contains
information about its location within the quadtree stored as a set of x and y translations, and combined
into a single integer. This can be summarised as

m-1

N=YN,5 M
i=0

where m is the division level of the panel and N, takes the integer value 1, 2, 3, or 4 depending on the
quadrant in which the panel is located within its parent cell. In this scheme, 1 refers to North West,
2 to South West, 3 to North East and 4 to South East. Figure 1 shows the quadtree grid generated
about a set of boundary seeding points which describe a sinusoidal standing wave profile in a
rectangular tank containing a rectangular body.

Triangular finite elements are produced from the quadtree grid by joining the centres of three
neighbouring square cells. This method eliminates hanging midside nodes which occur in quadtree
grids. The triangularisation may be extended to three dimensions by joining centres of four
neighbouring cubes to form tetrahedral elements. The triangularisation method utilises certain
boundary seed points as well as cell centres, and so produces a close approximation to the free surface
boundary. Triangles adjacent to the boundary are initially defined using two seed points plus an
internal node selected in order to optimise the aspect ratio of the triangle. Where the boundary
curvature is higher than a prescribed limit, or when adjacent boundaries move together, such as run-up
at the body or jet formation, additional elements are necessary. In these regions, extra seeding points
are introduced and removed adaptively, depending on the spatial and angular proximity of adjacent
points. Whenever internal nodes are unavailable at the apex of these regions, the apex triangle is
divided further. For the quadtree grid shown in Figure 1, the elements on the boundary are given in
Figure 2. The interior elements of the mesh are then defined by joining the cell centres of each
quadtree cell and its east, southeast and south neighbours if they exist. The presence of any holes in
the mesh is prevented by checking whether each edge has exactly two elements connected to it, and
performing further triangularisation if any do not. Figure 3 shows the full finite element mesh
obtained from the quadtree grid in Figure 1.

3. FINITE ELEMENT EQUATIONS

The unknown potentials, ¢, at nodes off the free surface S are expressed in terms of the potentials,
®r , on the free surface by means of the matrix equation

A¢=P-Ar ¢ ¢))
¢ are obtained by advancing the solution from the previous time step, and the vector P accounts for

the known boundary term f on the body surface S;. The finite element discretisation in terms of the
shape functions N, leads to the terms

A, = [VNVN, dR, ijeS, ; P, =[N, fdS, ieS, 3)
R Sa
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The terms of A are similar to those of A, but for je S;.

4. RESULTS

In the preliminary phase of testing the procedures, attention has been directed towards standing waves
in a container. The test case used for the DNV comparative study will serve here to illustrate the type
of mesh which is generated by the quadtree method. The initial wave elevation was taken to be

N0 =oll - (] explty) @)

where o = 0.1714, B = 0.7571, y = 1.0857, and all lengths have been non-dimensionalised by the
depth of the tank. Figures 4 and 5 show the adapting mesh at dimensionless times given by t(a’f/g)”2
= 0 and 1.72, where d is the depth of the tank, and its width is 2.286d. Figure 6 shows the computed
time history of surface elevation at x = 0.8571.

5. CONCLUSIONS

The adaptive grid generator presented herein refines the mesh at the free surface and body, and
provides moving boundaries for the fully nonlinear solution. The grid generator is relatively experisive
in CPU time for simple geometries, but the results obtained are found to agree well with published
data. The method should be extended to more complicated geometries and 3-D cases where its
advantages in terms of flexibility and adaptivity will become more compelling.
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Fig. 1 Quadtree grid

Fig.2 Elements on boundary

Fig.3 Full finite element mesh

Fig. 4 Mesh at #(d/g)'"? = 0

Fig. 5 Mesh at t(d/g)'? = 1.72
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Fig. 6 Time history at x = 0.857
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DISCUSSION

Martin, P. A.:: Do you have to re-grid the whole domain at each time-step, even though only
one part of the boundary has moved? Here, I am thinking about the effects on your tree-
structure, in particular.

Greaves, D. M., Borthwick, A. G. L., Eatock Taylor, R. & Wu, G. X.: At this stage yes,
the whole domain is regridded at each timestep. However, it may be possible to save the base
quadtree grid (generated to the minimum division level) and adapt the moving boundary only
at each timestep. This would mean saving the base tree and adding and taking away extra
"branches" as the grid adapts at each time step. '
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